ON THE HOMOTOPY DIRICHLET PROBLEM FOR 
p-HARMONIC MAPS 



STEFANO PIGOLA AND GIONA VERONELLI 

Abstract. In this paper we deal with the relative homotopy Dirichlet 
problem for p-harmonic maps from compact manifolds with boundary 
to manifolds of non-positive sectional curvature. Notably, we give a 
complete solution to the problem in case the target manifold is either 
compact, rotationally symmetric or two dimensional and simply con- 
nected. The proof of the compact case uses some ideas of White to 
define the relative d-homotopy type of Sobolev maps, and the regularity 
theory by Hardt and Lin. To deal with non-compact targets we intro- 
duce a periodization procedure which permits to reduce the problem to 
the previous one. Also, a general uniqueness result is given. 
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Introduction 

Let (M, g) and (N, h) be Riemannian manifolds of dimensions m and n 
respectively. Let u : M — > N be a C 1 map. The p-energy density e p (u) : 
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(u)(x) = z \du\ p HS (x) 



M — > R is the non-negative function defined on M as 

Here the differential du is considered as a section of the (1, l)-tensor bundle 
along the map u, i.e. du £ T(T*M (g> u~ 1 TN) is a vector valued differential 
f-form. Moreover T*M (&u~ l TN is endowed with its Hilbert-Schmidt scalar 
product. If Q C M is a compact domain, we define the p-energy of u\n : 
n -> N by 



E&(u) = [ e p (u)dV M - 
Jn 



Let X be a C 1 vector field along u, i.e. a section of the bundle u X TN, 
supported in f2. Then 

u t {x) = N exp u(x) tX(x). 

defines a variation of u which preserves u on d£l. The map u : M — > N is 
said to be p-harmonic if, for each compact domain SI C M, it is a stationary 
point of the p-energy functional, that is 

4 £jM = / <|dn| p - 2 ^,dx) H5 (iyM = o. 

The latter equality corresponds to the weak formulation of the p-laplacian 
equation 

(1) A p u = dw(\du\ p ' 2 du) = 0. 

Here — div = 5 is the formal adjoint of the exterior differential d, with respect 
to the standard L 2 inner product on vector-valued differential 1-forms on 
M. In local coordinates, (pQ) takes the expression 

which, in turn, can be written in the compact form 

(A p u) A = div (\du\ p - 2 Vu A ) + \du\ p ' 2 T A (du,du) = 0. 

It's worthwhile to observe that, in case N <—> M q is isometrically embedded 
in some Euclidean space M 9 with second fundamental form A, the above 
definition of p-harmonicity for a C 1 map u : M — > W is equivalent to the 
standard notion of weak p-harmonicity, that is 

(2) J \Du\ p - 2 {Du-D^ + A(Du,Du)-^(x)} = 0, Vy> E C c °°(0, 
where we have set 

Du ■ D<p = g* 6 AB y 
ax* ax-? 
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and 



A (Du, Du)-<p = g ij 5 CD A c AB 



du A du B 
dx l dxi 



D 



To see this, it's enough to take 



X X = D (U N )\ U(X) ■ ( p(x)€ T U(X) N C R q 



where II at is the nearest point projection from a tubular neighborhood of N 



In this paper we address the problem of the unique solvability of the ho- 
motopy Dirichlet problem for p-harmonic maps into a geodesically complete, 
non-compact manifold N of non-positive curvature. 

Problem A. Let (M,g) be a compact, m- dimensional Riemannian manifold 
with smooth boundary dM ^ and let N be a complete, possibly compact, 
n-dimensional Riemannian manifold without boundary. Assume also that N 
has non-positive sectional curvature or, more generally, that the universal 
covering of N supports a strictly convex exhaustion function. For any p > 2 
and any given f £ C° (M,N), consider the p-Dirichlet problem 



\ u = / on dM. 

Has this p-Dirichlet problem a (unique) solution u G C 1 ,a (int(M), N) Pi 
C° (M, N) in the homotopy class of f relative to dM ? 

Actually one expects Problem [A] to have a positive answer. A first evi- 
dence in this direction is given by the classical harmonic case. When p = 2, 
the Dirichlet problem for harmonic maps into non-positively curved man- 
ifolds has been solved by R. Schoen and S.T. Yau, who extended to non- 
compact targets a previous result due to R. Hamilton; see [Ham| and The- 
orem 8.5 in Chapter IX of [SY2J. Schoen and Yau's proof makes use of 
Hamilton's heat flow for harmonic maps and it is unlikely that this can be 
extended to the p > 2 case. 

In the p-harmonic realm, the first interesting result is due to S.W. Wei 
[We2] who considered, for a compact target and boundary datum / G 
C°(M, N) n Lip(dM, A), a weaker version of Problem [Aj More precisely, in 
Theorem 7.1 of [We 2] Wei looked for solutions to the Dirichlet problem in 
the free homotopy class of the initial datum /. Wei's proof is based on a min- 
imization procedure which permits to find a p-energy minimizer u G W 1,p 
in the free homotopy class of /. Namely, he minimizes the p-energy among 
all the maps v G W 1,p which coincide with / on the boundary dM (in the 
trace sense), and such that v and / induce conjugate homomorphisms 
and /(j between the corresponding fundamental groups tti(M) and tti(N). 
The fact that the definition of the induced homomorphisms for, a priori 
non-continuous, W 1,p maps is well posed follows by the work of B. White 
[Whj . Moreover, the regularity of u is provided by a theorem of R. Hardt 
and F.-H. Lin [HL| . which extends results of R. Schoen and K. Uhlenbeck 
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|SU14 ISU2j dealing with 2-energy minimizers in the assumption that N is 
non-positively curved and the minimizer u has image u(M) bounded in N. 
By the way, we recall that a similar procedure was previously applied by F. 
Burstall to complete non-compact domain manifolds M, to obtain the exis- 
tence of smooth harmonic maps in the free homotopy class of a finite-energy 
initial datum [Bui IWel| . 

If we try to solve Problem |A] even for a compact target N of non-positive 
curvature, it is easily seen that the proof proposed by Wei can not work with- 
out changes. In fact the induced homomorphism is not enough to determine 
completely the relative homotopy type of a given map. In this spirit, an easy 
counterexample can be constructed by considering the 2-dimensional torus 
N = T 2 = M 2 /Z 2 and the compact manifold with boundary M C T 2 given by 
M = {[(x 1 ,x 2 )] G T 2 : < x x < 1/2}. Then, choosing / : M -> N defined 
by f([(xi,X2)]) = [(3xi, X2)], one has that the inclusion map i : M <^-> N 
is a harmonic map with i\qm = f\dMi which induces a homomorphism u 
conjugated to /j, but / and i are not homotopic relative to dM. 
Nevertheless, since in [Wh| the relative [p— 1] -homotopy type of a W 1 ^ map 
is defined, as already observed by White one can minimize the p-energy 
among maps preserving such a relative [p — l]-homotopy type, and show 
that the regularity theory of [HL] applies also in this case. Thus, using this 
strategy we are able to prove the following theorem which represents the 
first main result of the paper. 

Theorem B. Let M be a compact manifold with boundary dM 7^ 0, and N 
be a compact manifold whose universal covering supports a strictly convex 
exhaustion function. Let f £ C°(M,N) n Lip(dM,N). Then, for any p > 
2, there exists a p-harmonic map u 6 C 1,a (int(M), N) n C°(M,N) which 
minimizes the p-energy among all the W X)V maps in the homotopy class of 
f relative to dM. In particular u is the unique solution of Problem lA\ when 
^Sect^O. 

In the attempt to generalize Theorem [B] to non-compact manifolds N, 
some problems arise. First, the technique proposed in |Whj to define the 
(relative) [p — 1] -homotopy type of a map requires the target manifold N 
to have an isometric embedding i : N — > M q in some Euclidean space 
M q with a uniform tubular neighborhood T, N C T C M q , such that 
a nearest point retraction T — > N is well defined. In fact, given maps 
u,v : M N, White considers the d-homotopy type of the composed W 1,p 
maps io u, io v : M — > T GM. q and uses the uniform tubular neighborhood 
to retract the homotopy H : [0, 1] x M d — > T between i o u and i o v to a 
homotopy H' : [0, 1] x M d — > N between u and v, M d being a ci-skeleton of 
M for d < [p — 1] . In general, for a negatively curved non-compact manifold 
N, we are not able to prove the existence of such a uniform tubular neigh- 
borhood. Second, the regularity theory developed by Schoen and Uhlenbeck 
and Hardt and Lin {SU1, SU2. IHL] requires the map to have bounded image 
in N. As remarked below, satisfactory regularity results for non-compact 
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target have not been obtained yet. In a forthcoming work we will discuss 
how to face at least the first of these obstructions, in order to define the 
relative 1-homotopy type of a W 1,p map when the target is non-compact. 

In the present paper we propose a completely different, and somewhat 
more geometric, strategy which permits, in some pretty general situations, 
to overcome these obstructions. In this direction, our first remark is that the 
only interesting case involves target manifolds without compact quotients 
for, otherwise, the non-compact problem can be reduced to the compact one 
where the machinery alluded to above can be applied without changes. 

Proposition C. Let (M,g) be a compact, m- dimensional Riemannian man- 
ifold with smooth boundary dM ^ and let (N, h) be a complete, Riemann- 
ian manifold of dimension n such that its universal cover supports a strictly 
convex exhaustion function. Assume that there exists a subgroup T of isome- 
tries of N acting freely, properly and co- compactly on N . Then, for any 
p > 2 and for every f £ C° (M, N) n Lip(dM, N), the homotopy p-Dirichlet 
problem has a solution u £ C 1 ,a (int(M), N) n C° (M,N). Moreover, the 
solution is unique provided N has non-positive sectional curvature. 

We aim at facing the general situation where either we have no informa- 
tion on the structure of the isometry group of N or it is known that N has 
no compact quotients. This latter case occurs, for instance, if its geometry 
is not bounded at some finite order. As a first step forward in this direc- 
tion, we decide to focus our attention on Cartan-Hadamard targets, i.e., 
we add the request that the complete non-positively curved manifold N is 
simply connected, hence it is diffeomorphic to the Euclidean space via the 
exponential map (from any reference point). Obviously, in this case, the 
homotopy condition is trivially satisfied by any continuous solution of the 
p-Dirichlet problem. Also, the presence of a global (geodesic) chart could 
suggest one to translate the problem into (almost) purely analytic terms 
as a problem concerning a system of coupled semi- linear elliptic equations. 
Yet, the original p-Dirichlet problem remains interesting and definitely non- 
trivial. Indeed, as said before, the non-compactness of the target, a-priori 
prevents the straightforward use of standard tools developed by Schoen- 
Uhlenbeck, Hardt-Lin and White, [STTT1 ISU21 iHLl IWh] . On the other hand, 
due to the presence of a first order term like |Du| p in the local expression of 
the p-harmonicity condition, the regularity theories taken from the analysis 
of elliptic systems does not apply; see e.g. pp. 25-27 in Ladyzhenskaya- 
Ural'tseva |LU] . It's worthwhile to note that, also in the p = 2 case, the 
effective approaches proposed to solve the Dirichlet problem for harmonic 
maps obtained via elliptic theory require precisely that the non-positively 
curved manifold N is simply connected jHKWll IKSL fj] . In these works, the 
proofs depend deeply on some a priori estimates from the standard theory 
of harmonic maps into Cartan-Hadamard manifolds, linking the energy of 
the harmonic maps and the convex distance function in N. Once again, so 
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far a suitable counterpart for p > 2 has not been obtained yet. See also 
Section 12.41 below. 

Actually, to the best of our knowledge, the p-Dirichlet problem has not 
been solved yet neither for Cartan-Hadamard targets whose metric tensor, in 
a global polar coordinates system, is rotational symmetric around the origin 
of the system. Formally, having fixed a smooth function a : [0, +oo) — > 
[0, +oo) satisfying 

(3) a {2k) (0) = 0, VA; e N, a' (0) = 1, a (r) > 0, Vr > 0, 

we shall denote by iV™ the smooth n-dimensional Riemannian manifold given 
by 

(4) ([0,+oo) x S n -\dr 2 + a 2 (r) d9 2 ) , 

where d6 2 denotes the standard metric on S n_1 . Clearly, N™ is diffeomorphic 
to R n and geodesically complete for any choice of a. Usually, iV" is called 
a model manifold with warping function a and pole 0. The r-coordinate 
in the expression of the metric represents the distance from the pole. 
Thus, at a given point of iV™ we distinguish the radial sectional curvatures 
and the tangential sectional curvatures of the model, according to whether 
the 2-plane at hand contains the radial vector field d/dr or not. Standard 
formulas for warped product metrics reveal that 

(5) Sect rac ; = , Sect^o = ^ 

Thus, in particular, the model manifold iV" is Cartan-Hadamard if and only 
if 

a" > 0. 

Indeed, since a' (0) = 1, the convexity of a always implies a' > 1. It is worth 
to point out that there are Cartan-Hadamard model manifolds with bounded 
(pinched) negative curvature and without compact quotients. An example of 
special geometric interest was constructed by M. Anderson, [An] , to settle 
in the negative a conjecture due to J. Dodziuk on the L 2 -cohomology in 
pinched negative curvature. We also observe that formulas © hold in some 
sense for 2-manifolds even without rotational symmetry condition. Namely, 
given a 2-dimensional Cartan-Hadamard manifold (N,h;\[), in the global 
geodesic chart (r, 9) around some fixed pole o € N the metric can be 
expressed as 

h N \ {r>0) =dr 2 + is 2 (r,8)de 2 . 

Since the function v > completely determines the Riemannian structure of 
N, in the following we will use the notation N = N 2 . Direct computations 
show that the only (radial) sectional curvature of N 2 satisfies at any point 
(r, 6) the formula 

(6) Sect(r, 9) = Sect md (r, 9) = -v~\r, 
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The second main result of the paper is represented by the following 

Theorem D. Let (M,g) be a compact, m- dimensional Riemannian mani- 
fold with smooth boundary dM ^ and let N be either an n-dimensional 
model manifold of non-positive curvature N™, n > 3, or a generic Cartan- 
Hadamard 2- dimensional manifold N„. Then, for any p > 2 and any given 
f G C° (M, N) n Lip (dM, N), the p-Dirichlet problem 



has a unique solution u G C 1,Q (int(M), N) n C° (M). 

The approach we propose inspires to the reduction procedure used to 
obtain Proposition [Cj This latter implies that Problem |A] is easily solved 
when N has a compact quotient, but, as observed above, this is not the case 
for a general Cartan-Hadamard model manifold iV™. The possible lack of 
discrete, co-compact isometry subgroups is overcome by using a combination 
of cut&paste and periodization arguments. Namely, we will show that it is 
possible to perturb the metric of iV™ in the exterior of a fixed geodesic 
ball in iV™ such that the complete manifold thus obtained is again Cartan- 
Hadamard and has compact quotients. A new maximum principle for the 
composition of the p-harmonic map and the convex distance function of 
then gives that this perturbation does not affects the solution to the original 
problem. The uniqueness part of the theorem can be clearly considered as a 
bypass product of the reduction to the compact case. However, at the end 
of the paper, we shall include a very general uniqueness result that works 
for homotopic (rel dM) p-harmonic maps into a complete manifold of non- 
positive curvature. This extends to non-compact targets previous results by 
W. Wei, [We2] . 

Theorem E. Let (M, g) be a compact, m- dimensional Riemannian manifold 
with smooth boundary dM ^ and let N be a complete manifold such that 
N Sect < 0. Let f G C°(M, N). Then, for any p>2, there is at most a C 1 
solution to the homotopy p-Dirichlet Problem lA\ with datum f . 

Actually, in view of Theorem[Bj and motivated by the known results in the 
case p = 2, [HKW1, HKW2, HKW3], one may wonder whether the strategy 
outlined above can be adapted when the rotationally symmetric target is 
replaced by a general Cartan-Hadamard manifold or even by a convex ball. 
In this respect, it is worth to point out that the perturbation procedure 
outside a large ball can be carried out in such a way that the resulting 
manifold supports a strictly convex exhaustion function and possesses a 
compact quotient. However, we are not able to guarantee that the new 
manifold is still Cartan-Hadamard and this prevents us to complete the 
argument. See also Remark 12.121 below. 




on M 
on dM, 
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1. Compact targets 

In this section we prove the existence and uniqueness of C 1,a solutions 
to Problem [A] when the target manifold N is compact. The proof will 
require some preliminary results of very different nature that are collected 
in the next three subsections. The proof of Theorem iBl will be presented in 
Subsection 11.51 

1.1. Lipschitz approximation in relative homotopy class. According 
to Section 4 in [Wh] a boundary datum / G C°{M, N) n Lip(dM, N) has a 
C°(M, N)nW 1,p (M, N) representative in its homotopy class relative to dM. 
This fact will be extensively used in the proof of Theorem [Bj Actually, the 
representative can be chosen to be Lip(M,N); see Proposition 11.31 below. 
This follows by combining the standard Whitney approximation result with 
the next Lemma which is implicitly contained in [Wh] . see especially the 
proof of Theorem 4.1 there. 

Lemma 1.1. Let (M,g) be a compact m-dimensional Riemannian manifold 
with boundary dM ^ 0. Then, there exists a Lipschitz map u : M — >• M 
satisfying the following conditions: 

(a) u is homotopic to the identity map idjvf relative to dM . 

(b) u is a smooth retraction of a collar neighborhood V of dM onto dM . 
Moreover, the neighborhood V can be chosen as small as desired. 

(c) u is a diffeomorphism of M\V onto M. 

Proof. Fix an open collar neighborhood W of dM and let a : dM x [0, +oo) — > 
W be a diffeomorphism satisfying a (x, 0) = x. Note that, if we set a -1 (x) = 
(ai (x) , «2 (%)), the map 

r(x) = a (ai (a?) , 0) : W -> dM 

is a natural smooth retraction of W onto dM. Now, for any < s < t, let 

Mi = a {dM x [s,t]) 

M t = M\M l 
Bt = a {dM x t) 

so that 

M t nMl = B t . 
Observe that A^o = M can be realized as the obvious gluing 

M = M 2 U i(%2 Ml 

whereas 

Mi = M 2 U idB2 Ml 
On the other hand, M\ is diffeomorphic to M\ via 



j3 (x) = a {ol\ (x) , 2«2 (x) — 2) 
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which keeps B% fixed, i.e., /3 - 
phism 7 : Ai\ — > M such that 

(7) 7 (x) = 

smooths out along the closed submanifold £>2 = M.2 H M.\ and gives rise 
to a global diffeomorphism r : Ai\ — > M satisfying T = 7 outside a small 
neighborhood of B2', see e.g. Theorem 1.9 of |Hij . In particular, 

r (x) = r (x) , on B\. 

To conclude, we put 

V = a (dM x [0, 1)) C W 
and define u : M — > M by setting 

, s _ J r (2) , x G .Mo = V" 

□ 

Remark 1.2. The same proof works if M is a non-compact manifold with 
compact boundary dM. Clearly, in this case, u is only Lipi 0C (M,N). In 
fact, note that the assumption that dM is compact is just used to smoothing 
out the homeomorphism 7 along the submanifold B2 and this is needed to 
obtain u satisfying the further condition (c) in the statement of Lemma. 
If we are not interested in smooth regularity, we can use directly 7, whose 
construction does not require any compactness assumption on dM. In this 
case, condition (c) has to be replaced by 

(c)' u is a BiLipi oc - homeomorphism of M\ V onto M. 

Proposition 1.3. Keeping the notation and assumptions of the previous 
Lemma, suppose we are given a map f 6 C°(M,N) n Lip(dM,N), where 
(N, h) is an n- dimensional Riemannian manifold without boundary. Then, 
there exists F £ Lip(M,N) which is homotopic to f relative to dM . 

Proof. Let u : M — > M be the map defined in Lemma 11.11 and consider 
/ = / ou : M -)• M. Then, / G C° (M) n Lip ioc (V) where V is a collar 
neighborhood of dM which retracts to dM via u. In particular / = / on 
<9M. Let If be a smaller collar neighborhood of dM such that W C V . 
Then, we can apply the standard approximation procedure by H. Whitney 
keeping W fixed (see e.g. |Le| ) and obtain a Lipschitz map F : M — > iV 
with the desired properties. More precisely: (i) F is smooth on Af\V; (ii) 
F = f on W and (iii) F is homotopic to /, relative to dM. □ 

Remark 1.4. Using the version of Lemma 11.11 observed in Remark II. 2[ 
we can skip the assumption that M is compact and obtain that any / G 
C° (M, N) n Lipi oc (dM, N) has a representative F G Lip/ oc (M, iV) in its 
homotopy class relative to dM. 



idg 2 on £>2- It follows that the homeomor- 

ioVf 2 (x) , x G A^2 
P(x), x G A4f 
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1.2. p-Minimizing tangent maps. Another key ingredient in the proof of 
Theorem [B] is the fact that a manifold does not contain any p-minimizing 
tangent sphere provided its universal covering supports a smooth strictly 
convex function. This is the content of Proposition 11.61 that will be vital 
to apply the full regularity theory by Hardt-Lin. The same conclusion for 
p = 2 was first obtained in |SU1| while the general case p > 2 was observed 
in |WY| . Due to its importance, we shall provide a detailed and complete 
proof. 

First, we introduce the Sobolev spaces of maps that will be used through- 
out the paper. Since N is compact, according to the Nash embedding the- 
orem, we can assume that there is an isometric embedding i : iV R q 
of N into some Euclidean space. For all maps u : M — > N we define 
u := i o u : M -> R q . For p > 1, we denote by W^(M,R q ) (resp. 
W l,p {M, R q )) the Sobolev space of maps v : M — > R q whose component 
functions and their first weak derivatives are in L p oc (M) (resp. in L P (M)). 
Moreover we define 

W^{M,N) := {v E W^(M,R q ) : v{x) E N for a.e. x E M}, 
W l ' p (M,N) := {v E W l,p (M, R q ) : v[x) E N for a.e. x E M}. 

Finally we will say that v E W 1,P (M, N) has boundary trace / if v — f E 
Wq' p (M, R q ), where Wq' p (M,R q ) denotes the closure of C™(M,R q ) in the 
W^ p (M,R q ) norm. 

Following [HLl p. 572] we say that a map ip E W^ p (R l+1 ,N) is a p- 
minimizing tangent map (p-MTM) from R' +1 to N if ip minimizes the p- 
energy on compact sets and ip is homogeneous of degree 0, that is, dip/dr = 
a.e., r being the radial coordinate. Clearly, here we are thinking of ip as an 
M 9 - valued map once N is isometrically embedded in the Euclidean space R q . 
Note that ip E W^(R l+1 ,N) is homogeneous of degree if and only if there 
exists ip S W 1 > p (S l ,N) such that 

(8) tp(x) := V fo J , Vx / 0. 

Indeed, condition (J8|) clearly implies that dip/dr = a.e. On the other 
hand, if ip E W££(R ,+1 , JV) is homo geneous of degree 0, since by Fubini's 
theorem ^(-,0) E W^?(R> ,iV) for a.e. 6> E S z , we deduce that tp(-,9) is 
constant a.e. Therefore, ip(9) = 4>{-,0) satisfies §8$) and, again by Fubini, it 
is W 1 «P(S',iV). 

Lemma 1.5. Assume that ip E Ty/ ' c p (M z+1 ,iV) safe/^es JSP /or some ip E 
VF 1,P (§', iV). T/ien f/> : R z+1 N is weakly p-harmonic (in the sense of 
if and only if ip : §' — > N is weakly p-harmonic. 
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Proof. Let (r, 9) E R>o x §' be local polar coordinates on M. l+1 . Namely, we 
suppose to have chosen local angular coordinates {9 1 ,...,9 1 } on §' so that 
{r, 9 1 , ...,9 1 } is a local coordinates system for R i+1 \ {0}. 

Having fixed an isometric embedding i : N — > M 9 with second fundamental 
form A, we let ip = ioip : M. l+1 — > M. q and ip = ioip : §' — y M. q . By assumption 
$(r,9) = ip(0), where ip E W^S^N). 

Let tp E C^(R l+1 ,R q ). Then, we have 

(D$ ■ D(p){r, 9) = r~ 2 (Dijj ■ D{(p{r, 

and 

\Dip\ 2 (r,e) =r~ 2 \D^\ 2 (9). 
Whence, it follows that, for every R > 0, 

(9) E p (j\ MRm ) = E p (i>) £ r l -?dr 
and 

(10) / \D^\ P ~ 2 {d^- DCp + A{Dip,Dip) -CpXdx 



OG 







r l - p / \D^\ p - 2 {9){Di)-D{^{r,-){9) 



+ A(Dip, Dip) ■ (p(r, #) j da(9)dr. 

If p > I + 1, from we must conclude that E p (ip)=0 and, therefore, that 
ip and ip are constant. In particular, they are both trivially p-harmonic. 
Suppose that p < I + 1. Since, for each r > 0, £(r, •) E C 00 ^,^), recalling 
the extrinsic definition of (weak) p-harmonicity given in ([2]), from (|10p we 
deduce that if ^ : § — > N is weakly p-harmonic, then ip : M. l+1 — > N 
is weakly p-harmonic. On the other hand, assume that <p has the form 
(p(r,e) = (p(6)v(r), where <p> E C°°(S l , W) and v E C~([0,oo)) is such that 
u 2k+1 (0) = for all k > 0. Then £ E C c °°(lR m , R 9 ) and CE]) becomes 

|L>^| P ~ 2 {L>0 • L><^ + „4(L>^, Dip) • (^} 

jf r l - p v{r)dr^ I J \DiP\ p ~ 2 [Dip ■ Dp + A{Dijj , L>V>) • tp] da 

proving that ip : E> 1 — > N is weakly p-harmonic whenever ip : M. l+1 — > N is 
weakly p-harmonic. □ 

Proposition 1.6. Suppose that N is compact and that £ E W/J? (M z , AT) is a 
p-MTM. If I < \p] then £ is constant and, if I > \p] and N does not support 
any non-constant p-MTM from IR- 7 into N, j = 1, I — 1, then £ has at most 
an isolated singularity at the origin. In particular, f| s ,_i E C 1 - a (S^ 1 , iV). 
Moreover, if the universal cover N of N supports a strictly convex function, 
then every p-MTM from M. 1 to N is constant, for every I > 1. 
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Proof. Indeed, the case I < \p] follows directly from Theorem 4.5 of [HLJ. 
For the general case we proceed by induction. Let I > [p] and suppose 
that every p-MTM from MP to N is trivial for every j = 1, . . . ,1 — 1. Let 
£ : -> N be a p-MTM. Then, by Theorem 4.5 in [TO] the set of singular 
points of £ is discrete (possibly empty) and by homogeneity it reduces to 
the sole origin. In particular, by Corollary 2.6 and Theorem 3.1 in [HLJ, 
we deduce that : S' _1 — > N is C 1,a and it is p-harmonic thanks to 

Lemma 11.51 To conclude, in case N supports a convex function, we can 
apply Theorem 1.4 in [WY] and obtain that £ is constant. □ 

1.3. Extending relative d-homotopies. Fix a triangulation of dM and 
extend it to a triangulation of M. Thus M is a CW-complex and dM is a 
subcomplex of M, see \Whd\ iMu] . Let M d denote that d-skeleton of M. 

Two continuous maps v, f : M — )■ iV are said to be d-homotopic relative 
to M d DdM (or, equivalently, they have the same d-homotopy type) if there 
exists a continuous map H d : [0, 1] x M d — > N such that H d (0,x) = v(x), 
H d (l,x) = f{x) for all x G M d and H d (-,x) = f(x) = v(x) for all x G 
M d n dM. Clearly, when d > dim M the relative d-homotopy type of maps 
is nothing but the usual homotopy type relative to dM. 

By the homotopy extension property of the couple (M, M d ) we already 
know that if v and / have the same d-homotopy type, then H d extends to 
a full homotopy H : M —> N such that H(0,x) = v(x). In this subsection, 
under the assumption that the target manifold N is aspherical, we construct 
a special extension H of H d satisfying the further requirements H(l,x) = 
f(x) for every x G M and H(-,x) = f(x) = v(x) for every x G dM. 

Recall that N is said to be aspherical if each homotopy group TTk(N) of 
TV" is trivial for k > 2. 

Proposition 1.7. Let v, f G C°(M, N) and assume that N is aspherical. 
If v and f have the same relative d-homotopy type, d > 1, then they have 
the same relative homotopy type. 

Proof. By assumption, we know that there exists a continuous map H d : 
[0, 1] x M d — >• N such that H d (0,x) = v{x), H d (l,x) = f(x) for all x G M d 
and H d (-,x) = f(x) = v(x) for all x G M d n dM. 

Using the aspherical structure of ./V in a classical manner (see e.g [Hat] ), 
we are going to show that H d extends to a homotopy H d+1 between v and 
/ on M d+1 relative to M d+1 n dM, i.e., : [0,1] x M d+l ^ N is 

a continuous function such that H d+1 (0, •) = u(-), ff d+1 (l,-) = /(•) and 
H d+1 (-,x) = f{x) = v{x) for all x G M d+1 n 5M. Clearly we can assume 
1 < d < m for otherwise there is nothing to prove. 

The (d+ l)-skeleton M d+1 is obtained as M d+1 = M d U (u a e d+1 ), where 
e d+i are p en ^ _)_ i). ce lls with attaching maps i> a : S d -»■ M d and cor- 
responding characteristic maps ^ a : B rf+1 — >• M d+1 . Note that [0,1] x 
M d C ([0,1] x M) d+1 and # d extends to a continuous function : 
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([0,1] x M) d+1 N by setting H d+l (0,x) = v{x) and H d+1 (l,x) = f(x) 
on {0,1} x ei +1 . 

The CW complex [0, 1] x M d+l C ([0, 1] x M) d+2 is obtained by attaching 
to ([0,1] x M) d+l the open cells E d+2 = (0,1) x e d + l via * Q : S d+1 -»• 
([0, 1] x M) d+1 where § d+l «_([0, 1] x S d ) U ({0, 1} x B d+1 ), * Q = id x ^ a on 
[0, 1] x S d and $> a = {0, 1} x $ a on {0, 1} x B d+1 . Let us show how to define 
H d+1 on ([0, 1] x M) d+1 U E d+2 . Since <9M is a subcomplex of M, we have 
that either e„ +1 C <9M or e„ +1 C int(M). In the first case we just define, for 
all (t,x) G E d+2 , H d+1 (t,x) = f(x) = v(x). In the second case, note that 
H d+1 is already defined on * Q (S d+1 ). Since d + 1 > 2 and N is aspherical, 
the composition H d+1 o ^ a : S^" 1-1 — > is null-homotopic and, therefore, 
it extends to a continuous map H d+1 o ^ a : S^ +2 -)■ AT. This implies that 
i^^" 1 " 1 itself extends to a continuous map from ([0,1] x M) d+l U E d + 2 into 
iV. 

Now, repeating the same procedure inductively for all E d+2 and for all 
the /c-skeletons M k , d < k < m, we complete the construction of the desired 
relative homotopy H. 

□ 

1.4. The d-homotopy type of W 1,p maps. Let d be the greatest integer 
less than or equal to p — 1 and let M d be a d-dimensional skeleton of M. 
Clearly, here we mean M d = M for p — 1 > m. Recall from the previous 
subsection that the d homotopy type of a continuous map from M to N is 
the homotopy type of its restriction to M d . According to the work of White 
[Wh] . each u G W 1,P (M, N) with boundary trace / has a d-homotopy type 
u$[M d (reldM)]. This d-homotopy type is a homotopy class (relative to dM) 
of continuous mappings from M d into N such that: 

(1) If {ui} C W 1,P (M, N) have boundary trace h, \\ Hi — u\\p — y 0, and 
||<itti||p is uniformly bounded, then 

(ui)$[M d (ieldM)] = Ui [M d (veldM)] 

for sufficiently large i. 

(2) If u G W 1,P (M, N) has boundary trace / and is continuous at each 
x G M d , then 

Ui [M d (veldM)} = [(u\ Md )(veldM)}. 

(3) The set 

{u,j[M d (rel<9M)] : u G W 1,P (M, N) has boundary trace /} 
is equal to 

{[( V \ Md )(xeldM)} : <p G C°(M d+1 ,N), 
(f(x) = f{x) for x G M d n 3M}. 
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The purpose of this subsection is to point out the following property of 
the d-homotopy type whose application will be basic in the proof of Theorem 
iBl to apply the regularity theory of [HLJ . 

Proposition 1.8. Let M be a compact m- dimensional manifold with (pos- 
sibly empty) boundary dM and let N be a compact manifold. Let f G 
Lip(dM, N) and let v G W 1,P {M } N) be a map with boundary trace f. For 
every x G M there exists an open set x G Vt x C M (independent of v) with 
smooth boundary dQ X) which satisfies the following property: for any other 
map w G W 1,P (M, N) such that w\qm = v\qm in the trace sense and w = v 
on M \£l x it holds 

(11) Wi [M d (ieldM)] = v i [M d (ve\dM)}. 

Proof. We consider three cases. 

First suppose that x G int(M) and that x G" M d . Since M d is closed in 
M we can choose the open set Q x such that x G O s CC int(M) \ M d 
and d£l x is smooth. By the construction of the d-homotopy type given in 
Section 3 of [Wh], and up to choosing 5 > small enough in (the version 
for manifolds with boundary of) Proposition 3.2 therein, it is clear that in 
this case perturbing a W 1,p map in Q x does not affect the d-homotopy type 
of the map. 

Now, let x G M d n'mt(M). Consider, for e > small enough, a normal closed 
geodesic ball B t (x) centered at x. Choose a triangulation T x of B e (x) such 
that x is not contained in the (i-skeleton T d of T x (to this purpose, one can 
for instance take such a construction on the Euclidean unit closed ball, and 
make use of the diffeomorphism with B e (x) given by the normal coordinates). 
Note that T x induces a triangulation of dB t (x). Choosing a triangulation 
of dM gives, together with T x \gg e ^, a triangulation of dM U dB t (x) = 
d(M \ B e {x)). A classical result ensures us that this triangulation of the 
boundary can be extended to a triangulation of all of M \ B e (x) |Whdl IMu] . 
This latter, together with T x , forms a new triangulation of M whose d- 
skeleton (M d )' does not contain x. According to the previous case there 
exists an open set with smooth boundary £l x such that, given maps v and 
w as in the statement, we have 

w§[{M d )'{Te\dM)] = v$[(M d )'(reldM)}. 

To conclude this case, we recall that, thanks to Proposition 3.5 of [WhJ, 
the d-homotopy type of a W 1,p map does not depend on the choice of the 
triangulation. 

Finally, suppose that x G dM. Using the notation of Lemma [1. 11 let y G dV 
be a point satisfying u(y) = x. Since y G int(M), according to previous 
paragraphs there exists an open set f^, y G £l' y CC int(M), such that 
perturbing a W 1,p map inside £l' y does not change the cf-homotopy type of 
the map. Let £l x = u{Q' y n (M \ V)). Since u\m\v 1S a differomorphism onto 
M, then £l x is an open set of M containing x. Suppose that v,w are two 
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W 1,P (M, N) maps as in the statement. Then, also vou and won are maps in 
W l,p {M, N). Furthermore, by construction of u, it holds v ou\v = wou\v = 
f o u\v, where / is the trace value of v and w at the boundary. This in turn 
implies v o u\qm = w o u\qm in the trace sense, and v o u(z) = w o u(z) for 
each z G M \ O' since either u(z) G dM or u(z) G M \ U x . Hence, 

(w o u)$[M d {re\dM)\ = (v o u\[M d {m\dM)\. 

On the other hand, by the construction of the relative cf-homotopy type of 
W 1 '? maps given in [Wh] it is clear that 

(vou) t [M d (reldM)} = v$[M d (reldM)], 
{wo U )${M d {re\dM)\ = w$[M d (reldM)}. 

This latter, in turn, implies (|lip as aimed. To conclude, observe that since 
dM is smooth, up to possibly restrict the set Q x , we can require that Q x 
has smooth boundary. □ 

1.5. Proof of Theorem El For the sake of clarity, we will divide the proof 
in four steps. 

Step 1. Existence of a minimizer in the c?-homotopy class of /. 

Define Ji d as the space of maps u G W l,p (M, N) such that u\qm = f\dM i n 
the trace sense and / and u have the same relative (i-homotopy type, i.e. 

U d f :={u G W 1,P (M, N) : fl - / € Wq P (M, R q ) and 
u t [M d (reldM)} = f t [M d {reldM)}}. 

According to Proposition [L3l there is no loss of generality if we assume that 
/ G Lip(M, N). In particular / G % d and, therefore, 

If := inf EJu) < +oo. 
3 uenj 

Let {vj}JL x C 1-L d be a sequence minimizing thep-energy in % d , i.e. E p (vj) — > 
X d as j — > oo. For the ease of notation, throughout all the proof we will 
keep the same set of indexes each time we will extract a subsequence from 
a given sequence. 

Since N is compact, then {vj}°° =1 is bounded in W 1,P (M, W 1 ) and, up to 
choosing a subsequence, Vj converges to some v G W l ' p {M, R 9 ) weakly in 
W 1,p . Since M is compact, {vj}JL 1 is bounded in W 1,P '{M, M q ) for every 
p' < p which satisfies also p 1 < m. By the Kondrachov theorem, [13 p.55, 
Vj converges strongly in L s (M,M q ) for any 1 < s < (mp')/{m — p'), notably 
for s = p, and hence pointwise almost everywhere. Since iV is properly 
embedded, this implies v(x) G N for a.e. x G M, so that we can define 
v G W 1 ' P (M,N) by v = v. Since Vj - f G Wq P (M, R q ) for all j, the weak 
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limit v-fe Wq P (M, R q ). 

By the lower semicontinuity of E p we have 

(12) EJv) < liminf EJvi) = Zl 

' j— >00 

Since {v J }^ =1 is bounded in W 1,P (M, M. q ) and \\vj — v\\ p — ¥ as j — > oo, by 
the property (1) of the d-homotopy type of maps we deduce that 

v$[M d (ieldM)] = {v j )^{M d {ve\dM)] = f$[M d (reldM)} 

for j large enough, which implies that v £ It then follows from (I12|) 

that 

if < E p (v) < if, 
so that E p (v) = if, i.e. v minimizes the energy in T-L d . 

Step 2. Regularity of the minimizer. We show that the regularity 
theory of |l ll.j applies to v , as already remarked on page 3 of [Wh]. Clearly, 
the only interesting case is d := \p] — 1 < m — 1. 

First of all, we note that, for every x £ M, there exists an open set with 
smooth boundary Q x 3 x such that v \n x is a minimizer for the p-energy 
among all the maps w £ W 1,P (Q, X , N) which have the same trace boundary 
of v on dCl x , that is v\gfi x = w\qsi x in the trace sense. To see this, let Q x be 
the open set given by Proposition [L81 We can extend w to w £ W 1,P (M, N) 
by setting w = v on M \ £l x . An application of Proposition 11.81 gives that 
w 6 % d . Then, E p (v) < E p (w). To conclude, we note that 

E P {v\ B J + E p (v\ M \ Be ) = E p (v) < E p (w) = E p (w) + E p (v\ M \ B J. 

This minimizing property enables us to apply the partial interior regularity 
and deduce that the singular set S(v) of v is empty if p > m and it is 
a relatively closed subset of zero (m — p)-Hausdorff dimension if p < m. 
Moreover, v is C l,a on int(M) \ S(v); see Corollary 2.6 and Theorem 3.1 in 

[HQ. 

The full interior regularity is now obtained from Theorem 4.5 of [HL 
because, according to Proposition 11.61 above, every p-minimizing tangent 
map £ : M. l+1 — > N is constant, for every I > 1. 

Finally, we observe that the boundary regularity theory developed in Sec- 
tion 5 of [HL] works for a Lipschitz boundary datum /. Therefore we can 
conclude that the minimizer v is C 0,a on M. 

Step 3. On the relative homotopy class of the minimizer. It re- 
mains to prove that the minimizer v is homotopic to the datum / relative to 
dM. To this end, recall that M is realized as a polyhedral complex, hence a 
CW complex, in such a way that dM is a subcomplex. By construction, we 
know that v has the same d(> l)-homotopy type of / relative to M d n dM. 
Note also that ./V is aspherical. Indeed, since its universal covering iV sup- 
ports a strictly convex exhaustion function, by standard Morse theory N 
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is diffeomorphic to M n . The desired conclusion now follows from a direct 
application of Proposition 11.71 

Step 4. Non-positively curved targets. Suppose now that the com- 
pact manifold N has non-positive sectional curvature so that, in particular, 
its universal covering N is a Cartan-Hadamard manifold. By the Hessian 
comparison theorem, the square of the distance function on N is a strictly 
convex exhaustion function. Therefore, by the preceding steps, the homo- 
topy p-Dirichlet problem has a solution v £ C 1,a (int(M))nC (M). Applying 
Theorem 8.5 (1) of |We2| we conclude that such a solution is unique. 

This completes the proof of the Theorem. 



We begin this section by proving Proposition \C\ which permits to solve 
directly Problem [A] for targets admitting a compact quotient. Even if the 
proof is pretty elementary, the ideas contained there will be the basis for 
the periodization procedure developed in the following subsections to prove 
Theorem |Pl 

Proof ( of Proposition [Cp . By assumption, N' = N/T is a compact, aspheri- 
cal Riemannian manifold covered by iV via the quotient projection P : N —> 
N'. The original datum / projects to a new function P (/) : M — )• N' which, 
in turn, can be used to state the corresponding p-Dirichlet problem 



By Theorem [HI this problem admits a solution v! € C 1 ,a (int(M), N') n 
C° (M, N') in the homotopy class of P (f) relative to dM. Let H' : [0, 1] x 
M — > N' be such a homotopy. The classical theory of fibrations (see e.g. 
[Hat]) then tells us that H' lifts to a homotopy H : [0,l]xM->JV satisfying 
H(l,x) = f(x). The homotopy H is relative to dM because, for every 
y £ dM, H ([0,1] x {y}) is contained in the (discrete) fibre over P (/) (y). 
Let u (x) = H (0, x) . Since P is a local isometry and P(u) = u' , then u 
is p-harmonic in M of class C 1,Q (int(M), N) n C° (M, N). On the other 
hand, using the fact that H is relative to dM we deduce that u = f on dM. 
This proves that the original homotopy p-Dirichlet problem has a solution. 
In case N Sect < 0, uniqueness follows easily from the following few facts: 
(a) solutions of the homotopy p-Dirichlet problem with target iV projects 
to solutions of the corresponding problem with target N'; (b) in case of 
compact targets, the solution is unique; (c) liftings are uniquely determined 
by their values at a single point. □ 

The remaining part of this section aims to prove Theorem D by repro- 
ducing a similar argument even in case the target Cartan-Hadamard space 
iV does not possess compact quotients. This will be done in Subsection 12.51 
The proof relies on the preliminary results collected in Subsections 12.2112.41 



2. Complete targets 



{ 



A p u' = on M 
u > = p (f) on dM. 
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In particular, in 12. II and 12.21 we discuss a procedure to glue a large ball of N 
with a hyperbolic space of sufficiently small curvature —k <C —1. In 12.31 we 
record that hyperbolic spaces have discrete, co-compact groups of isometries 
with arbitrarily large fundamental domains. Finally, in 12.41 we introduce a 
new maximum principle for the composition of a p-harmonic map and a 
convex function. 

2.1. Gluing model manifolds keeping Sect < 0. In this subsection we 
show that, in some sense, it is possible to prescribe a hyperbolic infinity 
to a Cartan-Hadamard model, as well as to a generic Cartan-Hadamard 
2-manifold, without violating the non-positive curvature condition. It is 
convenient to put the following 

Definition 2.1. By a model of hyperbolic type we mean a model manifold 
H™ whose warping function satisfies the following further requirements: 

(i) a" > 0. 

(ii) Let cj/j (r) = k~ l l 2 a (fc 1 / 2 r). Then, for every r > 0, 

o~'k (r) > CFk (r) — > +oo, as k — ^ +oo. 

Note that a hyperbolic type model is Cartan-Hadamard and has, at least, 
an exponential volume growth. Clearly, the choice a (r) = sinh (r) is ad- 
missible and the corresponding model is the standard hyperbolic spaceform. 
Whence, the choice of the name. Note also that H™ = kT x H™ in the 
Riemannian sense. 

We are going to show that every compact ball centered at the pole of a 
model of non-positive curvature can be glued to a hyperbolic type model 
thus giving a new model manifold with non-positive curvature. 

Theorem 2.2. Let N™ be a Cartan-Hadamard model and let H™ be of hyper- 
bolic type. Fix R > 0. Then, for every R > R there exist a k = k(R) >> 1 
and a Cartan-Hadamard model M™ such that: 

(i) B£ (0)cM«. 

(ii) M?\ BM(0)=H% k \Bg(Q). 

Proof. Thanks to © , it is enough to produce a warping function r : [0, +oo) — > 
[0, +oo) satisfying the following requirements: 

(a) t = p on [0, R). 

(b) r = a k on (R, +oo), R » 1. 

(c) t' > 1 and r" > on [0, +oo). 

To this end, let R < R± < i?2- By the assumptions on o~, we can choose 
k = k R2) > large enough so that 

/ 1Q x / tT > \ / a k (^2) - p(Rl) I ( TJ \ 
(13) p (ill) < 5 5 < o-fc (R2) ■ 

JX2 — rC\ 
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Define 

( p{r) on [0,i?i) 

n(r)=l P {Ri) + ak{R ^[ Rl) r on^Ha] 

I o-fe (r) on (R 2 ,+oo). 

Then, t\ is a piecewise smooth, convex function with r{ > 1. To complete 
the construction of r, it remains to smoothing out the angles with a convex 
function. This can be done using the approximation procedure described by 
M. Ghomi in [Gh]. □ 

Thanks to the explicit formula Q, in a completely analogous way we can 
obtain also the following 

Theorem 2.3. Let N 2 be a 2- dimensional Cartan-Hadamard manifold and 
let H 2 be a 2- dimensional manifold of hyperbolic type. Fix R > 0. Then, for 
every R > R there exist a k = k(R) >> 1 and a Cartan-Hadamard manifold 
M 2 such that: 

(i) B% (0)cM r ™. 

(ii) M r 2 \ B%(0) = H* k \ Bf (0). 

Remark 2.4. As it is clear from the proof, Theorem \2.2\ and Theorem \2.3\ 
hold for a class of "external" manifolds wider than the class of models of 
hyperbolic type. Namely, the condition (ii) in Definition \2.1\ is stronger than 
necessary, since what is only needed is relation f)13f) to hold. 
For instance, one can chose 0"(r)|(_R 2j+oo ) = ar — C , for large enough con- 
stants a = a(p) > 1 and C = C(p) > 0. This non-trivial example has 
linear volume growth and its sectional curvatures satisfy Sect ra d = and 
Sect tg = -^r- 2 forr > R 2 . 

2.2. Convex exhaustion functions on glued manifolds. As a conse- 
quence of the Hessian comparison theorem, the square of the distance func- 
tion of a generic Cartan-Hadamard manifold M is a smooth, strictly convex 
exhaustion function. This subsection aims to show how it is possible to 
prescribe an hyperbolic infinity to M in such a way that the resulting space 
supports again a strictly convex, exhaustion function. The lack of rotational 
symmetry of the source metric of M will prevent us to guarantee that the 
new space is Cartan-Hadamard and, therefore, this construction will be not 
used in the proof of the main theorem of the paper. However, we feel that 
it is interesting in its own and represents a first important indication that 
the p-Dirichlet problem can be solved in the more general situation where 
the target space is simply Cartan-Hadamard. 

Let (Nj, (, )jy.) be a n-dimensional Cartan-Hadamard manifold and fix a 
pole o £ Nj. Consider IR n with polar coordinates (t, 0) around o. Namely, 
in a neighborhood of each point x £ M. n we have a local coordinate system 
(t, 9 2 , . . . , 9 n ), where t is the radial coordinate and (^*)f = 2 are local angular 
coordinates. Since Nj is Cartan-Hadamard, by the Gauss Lemma we can 
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write 

{Nj, (, ) N .) = (R", dt 2 + j a (t, Q)d6 l d9 l ). 
Similarly, we consider the hyperbolic space of constant curvature —k, 
and we write H£ = (R n , dt 2 + h^dPdfi). 

Theorem 2.5. Let NJ be an n- dimensional Cartan-Hadamard manifold. 
Fix < R\ < i?2 < oo. Then, there exist k > depending on j, R± and R2, 
and a manifold (TV™, (, ) N J = (R n , dt 2 + j a (t, @)d6 i d9 l ) such that: 




(ii) m\ (6) = MJJ\ Bj£ (o') for some poles G JVj. and o' € HjJ. 

(iii) A?j supports a global strictly convex function. 

Proof. Consider a smooth partition of unity (f>j, 4>h & C°°((0, +00)) such that 
0<^(t)<l, ^1(0,^] = !, ^\ [R2>oo) = 0, o 

and 

(14) <f>j(t) + (f> h {t) = 1, Vi € (0, +00). 

Define a new Riemannian manifold N™, by endowing R n with a new metric 
(, ) A r. . Namely, in polar coordinates, we set 

i 

n 3 = (R n ,dt 2 + j il (t,e)de i de l ), 

where 

j tt (t, 6) := <P,(t)j a (t, 9) + <l> h (t)hP(t, O). 
Note that iVj is a well defined n-dimensional Riemannian manifold and con- 
ditions (i) and (ii) of the statement are automatically satisfied by construc- 
tion. Define the coordinate function T : R n — > R as T(t, 0) = t and observe 
that T G C°°(R" \ {0}). Moreover, since iV,- and H£ are Cartan-Hadamard 
manifolds, we have that T on Nj and is the Riemannian radial function. 
In particular T is convex both on Nj and strictly convex off the radial 
direction, and T 2 is smooth and strictly convex on both Nj and HJ. To 
prove the theorem we will show that T : Nj — > R is convex (strictly except 
for the radial direction) . This will imply that T 2 : N~- — > R is strictly convex 
and, because of (i), smooth on all of iVj. To this end, we use the following 
lemma. 

Lemma 2.6. Consider a Riemannian manifold structure Nj on R n \ {0}, 
i.e. Nj = (R n \ {0}, (,)jv ); ^d suppose that, in (local) polar coordinates 
and with notation as above, can be expressed as 

(15) (,) N .\ {t!e) = dt 2 + j il (t,@)de i d9 l . 

Define T : R n \ {0} -ft as T(t, Q) = t. Then 

N iHessT\ {m (X,X) = -X*X l -j a (t,Q), 
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for all vector fields on W 1 . 

Proof (of Lemma \2. 6\) . By definition of hessian, it holds 
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Re SS T\ {m (X,X) 



/N iV x N >VT,X x 



1 



~ N iVT(X,X) N + (X, [X, N *VT}) 



for any vector field X on R n . Since T is defined as the coordinate function 
t and the metric has the expression (|15|) . we have N i\7T = Jj =: dt- Given 
a vector field X, this can be expressed in coordinates as X = X°dt + X l di, 
where d{ := for i = 2, . . . , n. Whence, we get 

(16) ± n *vt{x,x) Nj = \d t ((x°) 2 +Mt,e)x*x l 



x°d t x° + j u (t, @)X i d t X l + l&x^juit, 8). 



Moreover 



[x, N iVT] = [x,d t ] = -d t x°d t - d t x%, 

which gives 

(17) (X, [X, N *VT\) N . = (X°d t + X%, -d t X°d t - d t X%) Nj 

= -x°d t x° -j il (t,e)x i d t x l . 

Summing f)16|) and (|17p concludes the proof. 
According to Lemma 12.61 we thus have 



□ 



N-. 



HessT\n e) (X,X) = : -X i X l d t ju{t, Q) 



1 



X l X l d t 



2 

= <t>j(t) 
+ <f>h(t) 



Mt)j ll (t,e) + Mt)h ( a ) (t,e) 



-x^dtjufre) 

l -X*X l d t hf(t,Q) 



+ dt^X'x'jait, G) + dt^X'x'h^it, (-)). 



Applying again Lemma 12.61 and recalling (|14p . this latter gives 
N 3 HessT| (tj e)(X,X) = RessT\ (m (X,X) 
+ Mt) K Hessr| (i) e)(X,X) 

+ ^ , h (t)X i X l [hf(t,G)-j u (t,@) 

Since cp' h > and recalling the above considerations, in order to conclude 
the proof it's enough to show that for k large enough it holds 

X i X l h$ ) (t,G)>X i X l j u (t,G) 
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for all (t, 6) E B# 2 \ B^ a C W 1 . Since B# 2 \ B^ is compact, there exists a 
constant C2 = C2{R\,R2) > such that 

X i X l h^\t,e)>c 2 X i X l j il {t,@) 

for all vector fields X and all (t, Q) E B^ 2 \B/j 1 . Finally, since the coordinate 
system is fixed, we have that 

sinh 2 f ^fkt 



d k sinh 2 t d 



so that it is enough to choose k in such a way that 

sinh 2 (VkR^J > c^ 1 ksmh 2 R 1 . 



□ 



Remark 2.7. In the proof of Theorem 12.51 the assumption N i Sect < was 
required in order to guarantee that the metric of Nj has the form (I15p and 
that T is strictly convex in Br 2 E Nj. Accordingly, it is clear that the 
Theorem works as well when Nj is the interior of a convex geodesic ball 
without curvature assumptions. 

Theorem 2.8. Let Br E N n be a convex geodesic ball of radius R in an 

n- dimensional manifold. Then, for every < R\ < R 2 < R there exist a 

k > depending on N, R\ and R2, and a manifold (N™, (,) N ,) = (M. n , dt 2 + 

3 3 

Jii{t,e)d9 i d6 l ) such that: 

(i) Bl ( ) c m. 

N- M n 

(ii) m\ B^ (6) = H£\ B^ (o') for some poles E N-- and d E H^. 

(iii) Nj supports a global strictly convex exhaustion function. 

2.3. Compact hyperbolic manifolds with large injectivity radii. It 

is intuitively clear that actions of small discrete groups on a complete Rie- 
mannian manifold give rise to large fundamental domains. The intuition is 
confirmed in the next simple result. 

Lemma 2.9. Let (N, h) be a complete Riemannian manifold. Suppose that 
there exists a filtration 

T > r 2 > T 3 > • • • > T k t> • • • D> {1} 

of discrete groups C Iso (N) acting freely and properly on N. Then, for 
every arbitrarily large ball Br (p), there exists K > such that the following 
holds: for every k > K we find a fundamental domain tl^ ofT^ containing 
p and satisfying 

(18) B% (p) EE n k . 



ON THE HOMOTOPY DIRICHLET PROBLEM FOR p-HARMONIC MAPS 23 

Proof. Let (p) be the Dirichlet domain of centered at p. Recall that 
Dk (p) = D ie r k H 1 (p) where 

H 1 (p) = {x € N : d N (x, p) < d N (x, 7 • p)} . 

One can easily verify that if B^ (p) n (N\Dj ! (p)) ^ then 

(19) B% (p) n 7 ■ B% (p) + 0, 

for some 7 E C To- Since To acts properly on N it follows that (fl~9|) can 
be satisfied for at most a finite number of 71, ...,7jv £ To- To conclude the 
validity of (fl8j) . we now use that CiTk = {1} and, therefore, 71, ...,7jv ^ Tfc, 
for every large enough fc. □ 

There are situations where condition f)18|) has an immediate interpretation 
in terms of the injectivity radius of the corresponding quotient space. Let 
N be a Cartan-Hadamard manifold and let T C Iso (iV) be a discrete group 
acting freely and co-compactly on N. Then, the orbit space iVr = N/T is 
a smooth manifold universally covered by the quotient projection P : N — 
iVr and the metric of N descends to a complete metric on iVr- Moreover 
r ~ 7Ti (iVp). By the Cartan-Hadamard theorem, another way to define the 
universal covering of iVr is to use the exponential map exp ? : T q N-p — > Ny 
from a fixed point q € iVr • The universal covering property yields that there 
exists a fiber-preserving diffeomorphism I : N —> T q Ni>. Therefore, we can 
always identify N = T q Ni> and P = exp^. Fix p £ N and let q = P (p) . 
Let also E q (Nr) = iVr\ cut (q) and Q = exp" 1 6 q . Then Q is a fundamental 
domain for the action of V on N and p € 0. In particular, from the equality 
P(B^{p)) = B^ r (q) we deduce that, for every R < injjY/r (</); it holds 
Bj[ (p) CC Summarizing, on a Cartan-Hadamard manifold, the existence 
of a co-compact discrete group of isometries with large fundamental domain 
follows from the existence of a quotient manifold with large injectivity radius. 
The converse also holds because inj (N) = +00. Therefore, if B^ (p) CC 0, 
where O is a fundamental domain of the action, since P is an isometry 
on Q it follows that B^ r (q) = P(B^ (p)) is inside the cut-locus of q, i.e., 

hy (<?)>#• 

A case of special interest is obtained by taking N = EP fc2 , the standard 
hyperbolic spaceform of constant curvature — k 2 < 0. If T is a co-compact 
discrete group of isometries acting freely and properly on m™ fc2 , the corre- 
sponding Riemannian orbit space HP fc2 /T is named a compact hyperbolic 
manifold (of constant curvature —k 2 ). The following result was first ob- 
served in [Fa] , see p. 74. 

Proposition 2.10. Let n > 0, R > and p G H™ fc2 - Then, there exists a 
co-compact, discrete group T of isometries o/HP fc2 acting freely and properly 
on EP , 2 and whose fundamental domain 0, containing p satisfies 



M R (p) CCQ. 
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Equivalently, 

inj (BT^/r) > R. 

Proof. By a result of A. Borel [Boj . EP fc2 has a co-compact, discrete group 
of isometries Tq acting freely and properly. According to a result by A. 
Malcev, Tq is residually finite, i.e., there exists a filtration 

r > r 2 > r 3 > • • • d> r k > • • • > {1} 

satisfying [T^ : I^-i] = /r^_i | < +00. To conclude, we now apply 
Lemma 12.91 and recall the previous discussion on the injectivity radius. □ 

2.4. A maximum principle for p-harmonic maps. It is well known, 
and an easy consequence of the composition law of the Hessians, that by 
composing a harmonic map u : M —> N with a convex function h : N — > 
R gives a subharmonic function v = h o u : M — > R, i.e., Av > 0. In 
particular, if M is compact with smooth boundary dM 7^ and ./V is Cartan- 
Hadamard, we can choose h (x) = d 2 N (x, o) and apply the usual maximum 
principle to conclude that the image u (M) C N is confined in a ball (o) 
of radius R > depending only on the values of u on dQ, namely, R = 
mayLQndjy (u,o). Very recently, it was proved in [Velj that, in general, the 
nice composition property of harmonic maps does not extend to p-harmonic 
maps, p > 2. Nevertheless, we are able to recover the above conclusion thus 
establishing a new maximum principle for the composition of a p-harmonic 
map and a convex function. 

Theorem 2.11 (weak maximum principle). Let M be a compact Riemann- 
ian manifold with boundary dM 7^ 0, and let u G C (M,N) be a p(> 2)- 
harmonic map. Assume that N supports a smooth convex function f : N — > 
R. Set w = f o u : M R. Then 

sup w = supw. 

M dM 

Proof. Let w* = supg^ w and, by contradiction, suppose that w (xq) > id* 
for some xo G int(M). Fix < e « 1 so that w (xq) — w* > 2e. Let 
A : R — >■ [0, 1] satisfy A' > 0, A' > on (e, +00), A = on (-00, e]. Define 
the vector field 

Z = \du\ p ~ 2 X(w - w*)Vw 
and note that suppZ C int(M). Direct computations show that 
divZ = A' o ( w - w*) \du\ p - 2 \X7w\ 2 

+ A o (w — w* ) tr Hess (/) (\du\ p ~ 2 du, duj 
+ \o(w- w*)df (A p u) 
> \Vw\ 2 \du\ p ~ 2 \'o( w -w*), 
and applying the divergence theorem we get 

0< f \Vw\ 2 \du\ p ~ 2 \' o (w-w*) < [ divZ = 0. 

JM JM 
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This proves that 



(20) 



Vw\ 2 \du\ p ~ 2 = on M t 



where we have denoted with M t the connected component containing xo of 
the open set 



Since, by (f20|) . dw = df (du) = where du 7^ and dw = df (du) = where 
du = 0, it follows that w is constant on M £ and this easily gives the desired 



2.5. Proof of Theorem [Dl In this last subsection we put all the previous 
ingredients together to get a proof of the second main result of the paper. 

The boundary datum / has image confined in a ball B^ o (0) of N n . Us- 
ing Theorem 12.21 we gl ue -Sj? (0) to the exterior of a large ball in the hy- 
perbolic spaceform HP, 2 of sufficiently small curvature —k 2 « —1, say 
H™ fc2 \KR 1 (0), R\ » Ro, thus obtaining a new Cartan-Hadamard model 
manifold (N',h'). On the other hand, by Proposition 12.10] HP fc2 has com- 
pact quotients with arbitrarily large injectivity radii. Accordingly, we can 
choose a discrete subgroup T of isometries acting freely and co-compactly 
on HP fc2 in such a way that (0) is contained in a relatively compact, 
fundamental domain of the action, say (0) CC f2. Making use of T 
we extend the deformed metric of O periodically thus obtaining a new Rie- 
mannian manifold N" diffeomorphic to H™ fc2 . More precisely, the metric h" 
of iV~" is defined by setting 



Since h' is hyperbolic in a neighborhood of 9f2, the definition of h" is well 
posed. Moreover, (N",h") has non-positive curvature, hence it is Cartan- 
Hadamard, and, by construction, T acts freely and co-compactly by isome- 
tries on N" . In particular, each copy of f2 contains an isometric image 
of Bft o (0). Now, we take the quotient manifold N" /V which is compact 
and covered by iV" via the quotient projection P : N" — > N"/T. By con- 
struction, the original datum / well defines f" = f:M—t N" . Applying 
Proposition C we get a unique solution u" £ C°(M, N") n C 1,a (int(M), N") 
to the Dirichlet problem 



To complete the argument, it remains to show that, actually, u" gives rise to 
a solution of the original problem. This clearly follows if we are able to show 
that its image is confined in B% Q (0) C N". To prove that this is the case, we 
recall that A^" is Cartan-Hadamard and, therefore, the function d 2 N „ (y, 0) 
is smooth and strictly convex. By means of Theorem 12.111 we deduce that 



{x G M : w - w* - e > 0} . 



contradiction. 



□ 




{ 



A p u" = on M 
u" = f" on dM. 
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dff„ (u",0) achieves its maximum on dM. To conclude, it suffices to recall 
that / (M) C B% o (0) and to use the equality u" = f on dM. 

Remark 2.12. In view of known results in the harmonic case, [HKWll 
HKW2, HKW3], it is an interesting problem to extend the conclusion of 
Theorem [D] to the case where N is a general Cartan-Hadamard manifold 
or it is replaced by a regular ball in a complete manifold. Apparently, the 
above strategy cannot be readily adapted to these situations. One of the 
main obstructions is that, despite of the use of Theorem 12.51 to obtain N' 
supporting a strictly convex exhaustion function, we are not able to show 
that such a nice function can be constructed also on N". This latter is the 
complete, simply connected manifold which gives rise to a compact quotient 
and, therefore, that enables us to apply Theorem [Bj Once this problem is 
solved, we should also relate the convex function on N" to the size of the 
unperturbed ball in such a way that, applying the maximum principle, 
we can conclude that the lifted solution is confined in B^. 

2.6. A general uniqueness result. In Theorem |Pl the uniqueness prop- 
erty enjoyed by solutions of the p-Dirichlet problem can be obtained as a 
consequence of a result by W. Wei for compact targets, proceeding as in the 
uniqueness part of the proof of Theorem [Bj In this subsection we extend 
Wei's result to solutions of the homotopic p-Dirichlet problem in case the 
target manifold is non-compact. In particular, our result applies directly 
in the situation of Theorem [Dj The construction via the quotient mani- 
fold N proposed in the proof below comes back to Schoen and Yau [SYlj . 
which studied the moduli space of harmonic maps when M is a complete 
non-compact manifold with finite volume. Subsequently, in [PRS] it was 
observed that it is enough for M to be parabolic, while a generalization of 
Schoen and Yau's uniqueness results to p-harmonic maps has been obtained 
in |Ve2] . In particular, in |Ve2j there were introduced the convexity result 
stated below as Lemma f2.13l and the "mixed" vector field X used here, which 
in turn inspires to |PRS| and [HPV]. 

Proof (of Theorem^). Suppose u and v are two C 1 (M,N) solutions to 
Problem |A] Let Pm '■ M —> M and Pjv : N — > N be the universal Riemann- 
ian covers of M and N, respectively. Note that M is a simply connected 
manifold with non-empty boundary dM (which is in general neither com- 
pact nor simply connected) such that Pm(9M) = dM. 
The fundamental groups 7Ti(M, *) and irx(N, *) act as groups of isometries 
on M and N respectively, so that M = M/tt 1 (M, *) and N = N/tt 1 (N, *). 
Let dist^ : JV x JV 1 be the distance function on N. Since Sect < 0, 
we know that dist % is smooth on (N x N) \ D, where D is the diagonal set 
{(x,x) : x G N}, and dist^~ is smooth on N x N. Now tti(N,*) acts on 
Af x JV as a group of isometries by 
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Thus dist^~ induces a smooth function 

f 2 : N —?■ R, 

where we have defined 

N := (N x JV)/tti (#,*). 

Let U : M x [0, 1] — > N be a continuous relative homotopy between u and 
v. Since M, hence M x [0, 1], is simply connected, U lifts to a homotopy 
{/ between u (•) := C/(-,0) and u (•) := relative to <9M. Clearly, 

Pn(u) = u(Pm) and Pn(v) = v(Pm)- Since Riemannian coverings are local 
isometries, u and are p-harmonic maps and 

\du\(q) = \du\(P M (q)), \dv\(q) = \dv\(P M (q)). 

Now, 7Ti (M, *) acts as a group of isometries on M and we have 
(21) 

u(-f(q)) = u^-f)u(q), v(j(q)) = v$(-f)v(q), Vg G M, 7 G vri(M, *), 

where itjjjUjj : 7ri(M,*) — > ni(N,*) are the induced homomorphism and 
u$ = since u is homotopic to v. 

Thus, the map j : M — ^ N x N defined by j(x) := (u(x),v(x)) induces via 
(pi]) a map 

j : M -»■ N. 

Furthermore, we can construct a vector valued 1-form J G T*M (g) j~ 1 TN 
along j by projecting via (I21h the vector valued 1-form J along j defined as 

J := (JC p (fi) , /C p (5)) G T*Af j^T fiV X JvV 

Here and on, the symbol ZC P (u) stands for 

JC P (u) := \du\ p ~ 2 du. 
Consider the vector field on M given by 



X 



[df 2 \ j{q) o J\ q ] 



Note that 
(22) 

where 



X\ q :=dP M \qoX 



X 



d ( dist^ 



m 



j 



We claim that (|22p is well defined. To this end, let S q G T q M be an arbitrary 
vector and let q' G P^ (q) C TM. If q' ^ g, there exists 7 G vri(M, *) such 
that q' = 75. Then, 



J| 79 -(d 7 (5,-)) = (d h( 7 )] (/Cp («) (5,-)) , d [^(7)] (/C p (5) (S q ))) . 
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Since u is homotopic to v, u$ = vp Moreover dist^ is equivariant with 
respect to the action of tti(N) on N x N, i.e. 

dist^(/3xi,/3x 2 ) = dist^(xi,x 2 ), V/3 G Ki(N), xi,x 2 EN. 

Then 

dPM\q O 



d ( dist 2 ^ 



o J 



does not depend on the choice of q G P M 1 (g). 

Now, we recall the following "convexity" result of |Ve2| . 

Lemma 2.13. For all q £ M and for any choice of q G P^(q) we have 
(23) trwv Hessdist 2 . h f -, (dj, j) > 



Moreover, having fixed an orthonormal frame E{ in TqM , with i = 1, . . . , m, 
the equality holds in (|23j) if and only if there are parallel vector fields Zi, 
defined along the unique geodesic 7^ in N joining u(q) and v(q), such that 

Zi(u(q)) = du\g(Ei), Z(v(q)) = dv\q(Ei) and 7^)73, Z^j „ = along 

jq. Moreover, c^dist^j)) = 0. 

In particular, if Sect < 0, Zi is proportional to jq for each i = 1, . . . , m. 

By the homotopy assumption, for each q G dM and any q G P^(q) we 
have u(q) = v(q), i.e., j(q) G D. In particular, this implies that r 2 (j)\dM = 
0, and, since df 2 = Ifdr, 

X\dM = 0. 
Then, applying the divergence theorem, 



(24) / divXdV M = 0. 

Jm 

On the other hand, by the p-harmonicity of u and v and by the isometry 
property of the coverings projections, 

(25) M divX|, = tr A /^Hessf 2 | j(g) (dj, J) + df 2 \ j(q) (dW J\ q ) 

= ti M N Hess f 2 \j(q) (dj, J) 
= tr A ~ r NxN Hess dist 2 7 ( djU, J\, 



M llCSSUlSb^ \ j{ q ) \ UJ\q,J\ q ^ 

for each q G M and any q G P^(q). By Lemma f2. 131 we thus get d\v X > 
and (|24f) implies div X = 0. Thus (I25p holds with the equality sign and 
the equality conditions in Lemma [2.131 give d(dist^) (du,dv) = 0. Since 
distjy(it, v)\ dM = we get u = v and, projecting on M, u = v. 
To conclude the proof, let us remark that in general relations (|24p and (|25p 
has to be considered in the weak sense. Lemma 7 in [Ve2] proves the weak 
validity of ([25]), i.e. 

(26) - I [df 2 \ 3 o j] ( M Vn) = I T) tr M * Hessf 2 |, ((?) (dj, J) 
Jm Jm 
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for all 77 E Cg°(M). Moreover we can choose a 1-parameter family of 
smooth cut-off functions {r] e } compactly supported in int(M) such that 
sup M |Vr/ e | = 0(e _1 ) as e — > and rj e (q) = 1 for all q G M satisfying 
distM(<?, <9M) > e. Since X|gjvf = 0, X is continuous and 

\ol M ({q G M : distjvr (g, dM) < e}) = 0(e) 

as e — >■ 0, applying (j26j) with r] = r] e and letting e — >• 0, we can conlude that 
the LHS of (I26D tends to 0. In some sense this gives a weak version of (I24D . 
On the other hand by Lemma 12.131 we can apply monotone convergence to 
the RHS of ([26]) to get 

J tr M ^ Hess r 2 \ j(q) (dj, J) = 0. 

□ 

Acknowledgement. We are indebted to Frangois Fillastre for some con- 
versations concerning closed hyperbolic manifolds which have revealed very 
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